A systematic search for multi-mode Cepheids using the database of the ASAS-SN survey has led to the detection of thirteen new double-mode and two triple-mode Cepheids in the Galactic disk. These discoveries have increased the number of Galactic disk multi-mode Cepheids by 33%. One of the new triple-mode variables pulsates simultaneously in the fundamental and in the first and the second radial overtone modes and the other in the first three radial overtone modes. Overtone triplemode Cepheids were identified only in the Galactic bulge and in the Large and Small Magellanic Clouds previously. †
Introduction
Classical Cepheid stars constitute a crucial component of the Cosmic Distance Ladder, as they follow a tight period-luminosity relationship, while their brightness allows their detection in far-away galaxies (see Catelan and Smith 2015 for a review). These qualities permit the calibration of other distance indicators, contributing immensely to our understanding of the Universe.
A. A.
While most Classical Cepheids pulsate in one radial mode (usually the fundamental or the first overtone), there are regions within the instability strip where more than one mode might be excited at the same time. The locations of these regions are heavily affected by the properties of the stars (Kolláth and Buchler 2001, Smolec and Moskalik 2010) . For example, the fundamental/first-overtone (F/1O) double mode Cepheids follow a tight relationship between the iron abundance and the periods of the two modes, thus providing a means to estimate photometric metallicities from the pulsation periods alone (see Kovtyukh et al. 2016 and references therein). Such photometric iron abundances lead to metallicity gradients, which are consistent with spectroscopic values for the Milky Way (Lemasle et al. 2018) . This technique can be trivially extended to extragalactic Cepheids, which are too faint for individual spectroscopic studies, as was done by Beaulieu et al. (2006) .
The OGLE Survey (Udalski et al. 2015) has led to a virtually complete census of multi-mode Cepheids in the Magellanic Clouds (Soszyński et al. 2015) . Unfortunately, such a census is lacking for the Cepheids in the Milky Way, owing to the large differences in distance, extinction, as well as the large area of the sky over which they could be found.
Here we present the results of a systematic search for multi-mode Cepheids using the wealth of data provided by the ASAS-SN survey ‡ (Shappee et al. 2014 , Jayasinghe et al. 2018a , which led to the discovery of fifteen Galactic multimode Cepheids.
New Double/Triple-Mode Cepheids
The ASAS-SN V -band light curves of variables classified as Classical Cepheids (DCEP and DCEPS classes according to the nomenclature adopted in the General Catalogue of Variable Stars, Kholopov et al. 1998 ) with periods up to 5 d, as well as sources classified as RR Lyrae variables with periods longer than 0.6 d, were individually inspected, selecting an initial set of stars with light curves resembling those of multi-mode Cepheids. All sources down to 15 mag were considered, totaling 3729 variables from the sample provided by Jayasinghe et al. (2018a,b) . In order not to miss any multi-mode variables with apparently noisy light curves and/or of non-typical shapes, this sample was not cut using the Prob and LKSL parameters as suggested by Jayasinghe et al. (2018b) to obtain a non-contaminated sample. As a consequence, many of the variables checked were in fact binaries and non-periodic variables.
Further examination of the light curves retrieved from the ASAS-SN Variable Star Database (Shappee et al. 2014 , Jayasinghe 2018a of this initial sample revealed that most of them were either RR Lyrae stars with the presence of the Blazhko effect, or Classical Cepheids with noisy light curves. Nevertheless, after the removal of the previously known objects, this search has led to the discovery of thirteen new double-mode and two triple-mode Cepheids, increasing the number of such objects in the Galactic field significantly. Each of the new multi-mode Cepheids lays at low Galactic latitudes, indicating that they likly belong to the disk population of the Galaxy.
The detailed analysis of the light curves was performed using the program packages MUFRAN (Kolláth 1990 ) and LCFIT (Sódor 2012). Outlier points, i.e., data points differing by more than 3 σ from the best fit model of the data, were removed in consecutive steps.
The ASAS-SN identification of the new double/multi-mode Cepheids, the detected radial modes and the period of the first-overtone (1O) mode, which appears in all of the stars, are given in Table 1 . The dominant mode is set in boldface. The mean magnitudes, the number of data points analyzed/removed and the time-span of the observations are also given in Table 1 .
The frequencies and amplitudes of the detected radial modes, as well as the frequencies and the S/N ratios of the largest amplitude signals appearing in the Fourier spectrum of the residuals after the removal of the appropriate number of harmonics for the radial modes and their linear combination terms, are listed in Table 2 . The rms scatter of the prewhitened light curves and the mean level of the residual spectra are also given. a 1 σ uncertainty of the last digit is given in parenthesis. b rms scatter of the residual after removing the pulsation and the combination frequencies. c Mean noise level of the residual spectra. d The S/N is given in parentheses. Frequencies close to the radial-mode frequencies and their harmonic components are set in italics.
A. A.
Although many of the listed residual signals may originate from instrumental/reduction effects, from noise and/or from contamination of neighbouring stars (e.g., frequencies close to integer numbers detected in stars No. 5 and No. 11, frequencies shorter than the fundamental mode frequency, as well as frequencies which are too high), and the S/N ratio of some of them is only 3.2 − 3.5, the first few largest-amplitude residual frequencies are listed for each star for guidance.
In the case of double-and overtone-mode Cepheids, a variety of additional signals appearing in the residual spectra have been detected in the literature -see e.g., Moskalik and Kolaczkowski (2009), Soszyński et al. (2015) and Smolec andŚniegowska (2016). Additionally, 1O/2O double-mode Cepheids may display anticorrelated modulations of the radial modes, as well as a frequency with f 1O / f x = 0.61 − 0.64 ratio, which appears quite frequently when the first radial overtone mode is excited.
Significant, often unresolved, residual signals appear close to one of the detected radial modes in 6 stars in our sample. As the time-base of the ASAS-SN light curves is 3 − 4 years long, these signals may arise from period change. Nevertheless, light-curve variations cannot be excluded as the origin of these residual signals either, although symmetric multiplets at the pulsation components, which are characteristics of modulated light curves, are not detected in any of the residual spectra. The only star displaying residual signals at two radial modes is star No.2., i.e., DT Gem. However, as these signals are not resolved, and other residual signals also appear in this star, higher quality data are needed to unambiguously detect possible correlated modulations (Moskalik and Kolaczkowski 2009) of the pulsation modes.
Some of the detected residual frequencies may correspond to non-radial modes. However, independent observations are needed to establish their true origin. It is important to note, however, that none of the detected residual signals matches the 0.61 − 0.64 ratio to the frequency of the 1O mode.
The position of F/1O double-mode Cepheids on the Petersen diagram puts very tight constraints on the metallicity, as it was shown by Buchler and Szabó (2007) . Formulae to calculate the metallicity of F/1O double-mode Cepheids were given by Kovtyukh et al. (2016) and Sziládi et al. (2018) . The period ratios of the detected radial modes and the metallicities of the F/1O variables estimated using formulae based on the periods and the period ratios (columns I, II) and also by using the Fourier amplitudes and phases of the light curves of the corresponding radial modes (columns III and IV) are given in Table 3 .
The overall scatter of the differences between the metallicities given in columns I and II is only 0.04 dex, which is not surprising taking into account that the method and the calibrating samples of these formulae are mostly identical. The rms scatter of the differences between the metallicities derived from the periods (columns I and II) and from the Fourier parameters (columns III and IV) are, however, significantly larger, 0.14 − 0.18 dex, and this is even larger, 0.32 dex, for the results derived from the Fourier parameters of the F and the 1O radial modes (columns III and IV). Taking into account the relatively small, 0.5 − 0.6 dex overall range of the metallicity values of Galactic Cepheids, these results warn that using the light-curve parameters the derived metallicities of double-mode Cepheids may be unreliable. This is especially true for the overtone mode, whose light curve can be quite sinusoidal, with the end result that the amplitudes and phases of the harmonic components of this mode can be very uncertain. This is the case for variables No. 11 and No. 15 . Although the 1O mode is dominant in these stars, their metallicities calculated from the parameters of this mode are clearly erroneous.
Triple-mode Cepheids and the Petersen diagram
Triple-mode Cepheids are very rare objects. Two triple-mode (F/1O/2O) variables (AC And and V823 Cas) were suspected to belong this class in the Galactic field, however their evolutionary status was ambiguous previously.
The Gaia DR2 measurements (Gaia Collaboration et al. 2018) hint at very high luminosities of these stars, indicating that they are bona fide Cepheids.The new discovery of a F/1O/2O and a 1O/2O/3O triple-mode Cepheids has increased the number of these stars to four. The folded light curves of the individual modes of the new triple-mode variables, prewhitened for the other radial modes and the linear combination terms, are shown in Fig. 1 .
There are three 1O/2O/3O Cepheids recognized in the Galactic bulge as well, with extremely short, 0.23-0.30 d 1O periods (Soszyński et al. 2011 (Soszyński et al. , 2017 . There are also a few known extragalactic triple-mode Cepheids. Based on the OGLE-II/III data, the F/1O/2O and 1O/2O/3O modes are simultaneously excited in two (Soszyński et al. 2008 ) and three stars (Moskalik et al. 2004 , Soszyński et al. 2008 in the LMC, and in two and one stars (Soszyński et al. 2010) in the SMC, respectively. On the other hand, the analysis of the OGLE-IV data of the Magellanic Clouds led to the detection of only one F/1O/2O Cepheid in the LMC and seven and one 1O/2O/3O Cepheids in the LMC and SMC, respectively (Soszyński et al. 2015) . The period ratio pairs of the new double/triple-mode variables are displayed by filled symbols of different shapes in the Petersen diagram shown in Fig. 2 . For comparison, the period ratios of Galactic field and bulge double/triple mode Cepheids are also plotted.
The F/1O variables compiled by Lamasle et al. (2018) complemented with TYC 6849 00019 1 (Khruslov 2009a ) and three F/1O stars of the Galactic bulge (OGLE-BLG-CEP-077, OGLE-BLG-CEP-095, OGLE-BLG-CEP-098, Soszyński et al. 2011) square symbols in Fig. 2 .
The period ratios of known triple-mode field (AC And-Guman 1982; V823 Cas-Antipin 1997) and bulge (3 stars form Soszyński 2011) variables are shown by stars and crosses, respectively.
The 1O/F and 2O/3O period ratios of the new discoveries fit well the period ratios of the known Galactic field variables. The scatter of the 1O/F ratios is the consequence of the spread in the metallicities of the stars as documented in Table 3 .
Taking into account that the non-linear modeling of double-mode pulsation is still controversial (Kolláth et al. 2002 , Szabó et al. 2004 , Buchler 2009 , Smolec and Moskalik 2008a , the theoretical explanation and modeling of the simultaneous excitation of three radial modes is an extreme challenge for non-linear theory. We do note, however, that at the linear level there is a consensus of the models. E.g., the linear models set strong constraints on the possible evolutionary status and on the parameters of the triple-mode variable, AC And, (Kovács and Buchler 1994) and Moskalik and Dziembowski (2005) succeeded in determining both the physical properties and the evolutionary status of the triple overtone-mode Cepheids in the LMC.
